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1. �¥è¨âì ¥à ¢¥áâ¢®
log(2−x

1−x)
(4− x) ≤ 2.

2. �¥è¨âì ãà ¢¥¨¥

sin3 x cos 3x + cos3 x sin 3x

| sin 2x| =
3

4
.

3. �¥è¨âì á¨áâ¥¬ã ãà ¢¥¨©
{

x +
√

x
x+y = 42

x+y ,

xy − x = 16.

4. � âà¥ã£®«ì¨ª¥ ABC ¬¥¤¨   BM = 2, ã£®« ABM à ¢¥ arctg 2
3 , ã£®«

CBM à ¢¥ arctg 1
5 . � ©â¨ áâ®à®ë AB, BC ¨ ¡¨áá¥ªâà¨áã BE âà¥ã£®«ì-

¨ª  ABC.

5. �¥è¨âì á¨áâ¥¬ã ãà ¢¥¨©
{

x + y4 − 2y2 = ln x

2 arctg x + arcsin y = 0.

6. � ®á®¢ ¨¨ ¯¨à ¬¨¤ë SABCD «¥¦¨â ¯ à ««¥«®£à ¬¬ ABCD. �ä¥à  ω

à ¤¨ãá  15
14 á æ¥âà®¬ O ª á ¥âáï à¥¡¥à AS, BS, AD, BC ¯¨à ¬¨¤ë ABCD

á®®â¢¥âáâ¢¥® ¢ â®çª å K, L, M , N , ¯¥à¥á¥ª ¥â à¥¡à® AB ¢ â®çª å P

¨ Q, ¨ ª á ¥âáï £à ¨ CDS. �§¢¥áâ®, çâ® ¯àï¬ ï SO ¯¥à¯¥¤¨ªã«ïà 
¯«®áª®áâ¨ ABCD ¨ ¯¥à¥á¥ª ¥â ¥¥ ¢ â®çª¥ H, AB

PQ = 4√
7
, AS

LS = 3
2 . � ©â¨

∠SAB, ∠SBH, ¢ëá®âã ¯¨à ¬¨¤ë ¨ ¥¥ ®¡ê¥¬.
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1. �¥è¨âì ¥à ¢¥áâ¢®
log(2−x

1−x)
(4− x) ≤ 2.

�â¢¥â: [0, 1) ∪
(
2, 5+

√
5

2

]
.

�¥è¥¨¥. ���: x ∈ (−∞, 1) ∪ (2, 4). �à¨ x ∈ (2, 4) ¨¬¥¥¬ 2−x
1−x < 1, ¯®íâ®¬ã

4−x ≥ (2−x
1−x

)2, â. ¥. (4−x)(1−2x+x2) ≥ 4−4x+x2. �âáî¤  −x3 +5x2−5x ≥ 0.
� ª ª ª ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ x > 0, â® ¯®«ãç ¥¬ x2 − 5x + 5 ≤ 0, â. ¥.
x ∈

[
5−√5

2 , 5+
√

5
2

]
. � ª ª ª á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢  1 < 5−√5

2 < 2 < 5+
√

5
2 < 4, â®

¯®«ãç ¥¬ x ∈
(
2, 5+

√
5

2

]
| à¥è¥¨ï. �à¨ x ∈ (−∞, 1) ¨¬¥¥¬ 2−x

1−x > 1, ¯®íâ®¬ã
4− x ≤ (2−x

1−x

)2, â. ¥. −x3 + 5x2 − 5x ≤ 0. �«¥¤®¢ â¥«ì®, x(x2 − 5x + 5) ≥ 0. � ª
ª ª ¯à¨ x < 1 ¢ë¯®«¥® x2 − 5x + 5 > 0, â® x ∈ [0, 1) | à¥è¥¨ï.

2. �¥è¨âì ãà ¢¥¨¥
sin3 x cos 3x + cos3 x sin 3x

| sin 2x| =
3

4
.

�â¢¥â: π
6 + πk, −π

3 + πk, k ∈ Z.

�¥è¥¨¥. � ª ª ª sin3 x = 3 sinx−sin 3x
4 ¨ cos3 x = 3 cos x+cos 3x

4 , â® sin3 x cos 3x +

+ cos3 x sin 3x = 3
4 sin 4x ¨ ãà ¢¥¨¥ à ¢®á¨«ì® sin 4x

| sin 2x| = 1. �á«¨ sin 2x > 0, â®
¯®«ãç ¥¬ cos 2x = 1

2 . �«¥¤®¢ â¥«ì®, ãç¨âë¢ ï ¥à ¢¥áâ¢® sin 2x > 0, ¯®«ãç ¥¬
x = π

6 + πk, k ∈ Z. �á«¨ sin 2x < 0, â® ¯®«ãç ¥¬ cos 2x = −1
2 . �«¥¤®¢ â¥«ì®,

ãç¨âë¢ ï ¥à ¢¥áâ¢® sin 2x < 0, ¯®«ãç ¥¬ x = −π
3 + πk, k ∈ Z.

3. �¥è¨âì á¨áâ¥¬ã ãà ¢¥¨©
{

x +
√

x
x+y = 42

x+y ,

xy − x = 16.

�â¢¥â: (4; 5),
(
−1+

√
133

2 ; 41−8
√

133
33

)
.

�¥è¥¨¥. �ãáâì x + y > 0, x > 0. �§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë ¯®«ãç ¥¬
x(x + y) +

√
x(x + y) = 42. �¡®§ ç¨¢ t =

√
x(x + y) > 0, ¯®«ãç¨¬ t2 + t− 42 =

= 0. �«¥¤®¢ â¥«ì®, t = 6 (t = −7 ¥ ¯®¤å®¤¨â ¯® ãá«®¢¨î t > 0). �®«ãç ¥¬

1



x(x + y) = 36. � ª ª ª ¨§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë xy = x + 16, â® x2 +

+ x − 20 = 0, ®âªã¤  x = 4 (x = −5 ¥ ¯®¤å®¤¨â ¯® ãá«®¢¨î x > 0). �®£¤ 
y = 16

x + 1 = 5. �ãáâì x + y < 0, x < 0. �§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë ¯®«ãç ¥¬
x(x + y)−

√
x(x + y) = 42. �¡®§ ç¨¢ t =

√
x(x + y) > 0, ¯®«ãç¨¬ t2 − t− 42 =

= 0. �«¥¤®¢ â¥«ì®, t = 7 (t = −6 ¥ ¯®¤å®¤¨â ¯® ãá«®¢¨î t > 0). �®«ãç ¥¬
x(x + y) = 49. � ª ª ª ¨§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë xy = x + 16, â® x2 + x −
−33 = 0, ®âªã¤  x = −1+

√
133

2 (x = −1+
√

133
2 ¥ ¯®¤å®¤¨â ¯® ãá«®¢¨î x < 0). �®£¤ 

y = 16
x + 1 = − 32

1+
√

133
+ 1 = 41−8

√
133

33 .

4. � âà¥ã£®«ì¨ª¥ ABC ¬¥¤¨   BM = 2, ã£®« ABM à ¢¥ arctg 2
3 , ã£®«

CBM à ¢¥ arctg 1
5 . � ©â¨ áâ®à®ë AB, BC ¨ ¡¨áá¥ªâà¨áã BE âà¥ã£®«ì¨ª 

ABC.

�â¢¥â: AB = 4√
13

, BC = 8
√

2√
13

, BE =
8
√

2
√

2(1+
√

2)√
13(1+2

√
2)

.

�¥è¥¨¥. �¡®§ ç¨¬ ∠ABM = α, ∠CBM = β. �® â¥®à¥¬¥ á¨ãá®¢ ¨§ âà¥-
ã£®«ì¨ª®¢ ABM ¨ CBM  å®¤¨¬ AB

sin ∠AMB = AM
sin α ¨ BC

sin ∠CMB = MC
sin β . � ª ª ª

∠AMB + ∠CMB = π ¨ AM = MC, â® sin ∠AMB = sin ∠CMB ¨ AB
BC = sin β

sin α .
� ª ª ª S4ABC = S4ABM + S4CBM , â® AB · BC · sin(α + β) = AB · BM · sin α +

+ BC · BM · sin β. � ª ª ª BC sin β = AB sin α, â® AB2
(

sin α
sin β

)
sin(α + β) =

= 2AB · BM · sin α, â. ¥. AB = 2BM sinβ
sin(α+β) . �®£¤  BC = 2BM sin α

sin(α+β) . �  è¥¬ á«ãç ¥
α = arctg 2

3 , β = arctg 1
5 . �®£¤  sin α = 2√

13
, cos α = 3√

13
, sin β = 1√

26
, cos β = 5√

26
,

sin(α + β) = 10
13
√

2
+ 3

13
√

2
= 1√

2
. �«¥¤®¢ â¥«ì®, AB = 4√

13
, BC = 8

√
2√

13
. � «¥¥,

¡¨áá¥ªâà¨á  BE = 2·AB·BC
AB+BC cos

(
α+β

2

)
= 2·4·8√2√

13(4+8
√

2)

√
1+ 1√

2

2 =
8
√

2
√

2(1+
√

2)√
13(1+2

√
2)

.

5. �¥è¨âì á¨áâ¥¬ã ãà ¢¥¨©
{

x + y4 − 2y2 = ln x

2 arctg x + arcsin y = 0.

�â¢¥â: (1;−1).

�¥è¥¨¥. �®«®¦¨¬ f(x) = x − ln x; â®£¤  f ′(x) = 1 − 1/x. � ª¨¬ ®¡à §®¬,
f(x) ã¡ë¢ ¥â   ¯à®¬¥¦ãâª¥ (0, 1] ¨ ¢®§à áâ ¥â   ¯à®¬¥¦ãâª¥ [1, +∞), § ç¨â
f(x) ≥ f(1) = 1, ¯à¨ç¥¬ à ¢¥áâ¢® ¤®áâ¨£ ¥âáï â®«ìª® ¯à¨ x = 1. �¬¥¥¬ x −
− ln x = −y4 + 2y2 ⇔ x− ln x = (−y4 + 2y2 − 1) + 1 ⇔ x− ln x = −(y2 − 1)2 + 1

⇔ y2 − 1 = 0 ¨ x = 1. �§ ¤¢ãå ¢®§¬®¦ëå ¯ à (1,±1) ãà ¢¥¨î 2 arctg x +

+ arcsin y = 0 ã¤®¢«¥â¢®àï¥â ®¤  ¯ à  (1,−1).
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6. � ®á®¢ ¨¨ ¯¨à ¬¨¤ë SABCD «¥¦¨â ¯ à ««¥«®£à ¬¬ ABCD. �ä¥à 
ω à ¤¨ãá  15

14 á æ¥âà®¬ O ª á ¥âáï à¥¡¥à AS, BS, AD, BC ¯¨à ¬¨¤ë ABCD

á®®â¢¥âáâ¢¥® ¢ â®çª å K, L, M , N , ¯¥à¥á¥ª ¥â à¥¡à® AB ¢ â®çª å P ¨ Q,
¨ ª á ¥âáï £à ¨ CDS. �§¢¥áâ®, çâ® ¯àï¬ ï SO ¯¥à¯¥¤¨ªã«ïà  ¯«®áª®áâ¨
ABCD ¨ ¯¥à¥á¥ª ¥â ¥¥ ¢ â®çª¥ H, AB

PQ = 4√
7
, AS

LS = 3
2 . � ©â¨ ∠SAB, ∠SBH,

¢ëá®âã ¯¨à ¬¨¤ë ¨ ¥¥ ®¡ê¥¬.

�â¢¥â: arccos 4
9 , arccos 5

9 , h = 2, V = 64
21 .

�¥è¥¨¥. �ãáâì O | æ¥âà ω, T ¨ R | á¥à¥¤¨ë à¥¡¥à AB ¨ CD á®®â-
¢¥âáâ¢¥®; ω1 | ®ªàã¦®áâì ¢ ¯¥à¥á¥ç¥¨¨ ω á £à ìî ABCD (ω1 ª á ¥âáï
®âà¥§ª®¢ AD ¨ BC ¢ â®çª å M ¨ N ¨ ¯¥à¥á¥ª ¥â ®âà¥§®ª AB ¢ â®çª å P ¨ Q),
ω2 | ®ªàã¦®áâì ¢ ¯¥à¥á¥ç¥¨¨ ω á £à ìî ABS (ω2 ª á ¥âáï ®âà¥§ª®¢ AS ¨
BS ¢ â®çª å K ¨ L ¨ ¯¥à¥á¥ª ¥â ®âà¥§®ª AB ¢ â®çª å P ¨ Q), O′ | æ¥âà ω2. �®
ãá«®¢¨î, SH | ¢ëá®â  ¯¨à ¬¨¤ë, ¨ H ï¢«ï¥âáï ¯à®¥ªæ¨¥© O   £à ì ABCD,
¯®íâ®¬ã H | æ¥âà ω1. � ª ª ª AD ‖ BC, â® MN | ¤¨ ¬¥âà, ¯¥à¯¥¤¨ªã«ïà-
ë© AD. �à®¥ªæ¨ï l ¯àï¬®© SH   £à ì ABS ï¢«ï¥âáï ¢ëá®â®© âà¥ã£®«ì¨ª 
ABS; ªà®¬¥ â®£® l á®¤¥à¦¨â O′ (â ª ª ª O′ | ¯à®¥ªæ¨ï O   ABS). � ª ª ª
O′ à ¢®ã¤ «¥  ®â áâ®à® AS ¨ BS, â® l = SO′ | ¡¨áá¥ªâà¨á  âà¥ã£®«ì¨ª 
ABS. �âáî¤  á«¥¤ã¥â, çâ® 4ABS | à ¢®¡¥¤à¥ë© (AS = BS) ¨ l = ST . � ª
ª ª SK = SL (®âà¥§ª¨ ª á â¥«ìëå), â® AK = BL. �à ì ABS á¨¬¬¥âà¨ç 
®â®á¨â¥«ì® ST , ¯®íâ®¬ã â®çª¨ P ¨ Q á¨¬¬¥âà¨çë ®â®á¨â¥«ì® T . �ãáâì
¤«ï ®¯à¥¤¥«¥®áâ¨ P «¥¦¨â ¬¥¦¤ã A ¨ Q. � ª ª ª AM = AK = BL = BN , â®
AB ‖ MN , ABCD | ¯àï¬®ã£®«ì¨ª, ¨ ¯¨à ¬¨¤  á¨¬¬¥âà¨ç  ®â®á¨â¥«ì®
¯«®áª®áâ¨ STR; íâ® ¢ ç áâ®áâ¨ ®§ ç ¥â, çâ® ω ª á ¥âáï SR ¢ ¥ª®â®à®© â®çª¥
U .

�ãáâì AT = BT = t, AM = AK = BL = BN = a.
1) �¬¥¥¬: AS = 3

2LS = 3
2KS = 3

2(AS − a) ⇒ AS = 3a, AT/PT = AB/PQ

⇒ PT = QT =
√

7t
4 . � «¥¥, ¯® â¥®à¥¬¥ ® ª á â¥«ì®© ¨ á¥ªãé¥©  å®¤¨¬ a =

= AK =
√

AP · AQ =
√

(AT − PT )(AT + QT ) =
√

AT 2 − PT 2 =
√

t2 − 7t2

16 = 3t
4 .

�âáî¤  cos ∠SAB = AT/AS = t
3a = 4

9 .
2) AH =

√
MH2 + AM 2 =

√
AT 2 + AM 2 =

√
t2 + a2 =

√(4a
3

)2
+ a2 = 5a

3 .
�âáî¤  cos ∠SBH = cos ∠SAH = AH/AS =

(5a
3

)/
(3a) = 5

9 .
3) �§ âà¥ã£®«ì¨ª  SAH: h = SH =

√
AS2 − AH2 =

√
(3a)2 − (5a

3

)2
=

= 2
√

14a
3 . �§ ¯®¤®¡ëå âà¥ã£®«ì¨ª®¢ SOK ¨ SAH: OK/SK =

(15
14

)/
(2a) =

=
(5a

3

) /(
2
√

14a
3

)
⇒ a = 3√

14
⇒ h = 2.

3



4) OK ¨ OU | à ¤¨ãáë áä¥àë, ¯®íâ®¬ã âà¥ã£®«ì¨ª¨ SOK ¨ SOU à ¢ë,
§ ç¨â ∠OSK = ∠OSU , ®âáî¤  âà¥ã£®«ì¨ª¨ SRH ¨ SAH à ¢ë. � ç¨â,
AD = BC = TR = TH + HR = AM + AH = a + 5a

3 = 8a
3 = 4

√
2√
7

. AB = 2t = 8a
3 =

= 4
√

2√
7

. �¡ê¥¬ ¯¨à ¬¨¤ë: V = 1
3 · AD · AB · SH = 64

21 .
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