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1. �¥è¨âì ãà ¢¥¨¥

2 log3(x
2 − 4) + 3

√
log3(x + 2)2 − log3(x− 2)2 = 4 .

2. �¥è¨âì ãà ¢¥¨¥
cos 9x− 2 cos 6x + 1

cos 3x− 1
= | cos 3x| .

3. �¥è¨âì ¥à ¢¥áâ¢®

(
√

x + 3 + x− 3)(
√

4x + 5 + x− 4)√
4 + 4x− x2 − x3

≤ 0 .

4. �ªàã¦®áâì ω á æ¥âà®¬ ¢ â®çª¥ O   áâ®à®¥ AC âà¥ã£®«ì¨ª  ABC
ª á ¥âáï áâ®à® AB ¨ BC ¢ â®çª å D ¨ E á®®â¢¥âáâ¢¥®. �§¢¥áâ®, çâ®
AD = 2 CE,   ã£®« DOE à ¢¥ arcctg 1

3 . � ©â¨ ã£«ë âà¥ã£®«ì¨ª  ABC ¨
®â®è¥¨¥ ¥£® ¯«®é ¤¨ ª ¯«®é ¤¨ ªàã£ , ®£à ¨ç¥®£® ®ªàã¦®áâìî ω.

5. � ©â¨ ¢á¥ § ç¥¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå áãé¥áâ¢ã¥â à®¢® ¤¢¥ ¯ àë
¤¥©áâ¢¨â¥«ìëå ç¨á¥« (x; y), ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥ ãà ¢¥¨©

{ (
x + y2 − 1

)(
y −√6|x|

)
= 0,

2ay + x = 1 + a2.

6. �ãâà¨ ¯àï¬®ã£®«ì®£® ¯ à ««¥«¥¯¨¯¥¤  ABCDA1B1C1D1 à á¯®«®¦¥ë
¤¢  è à  ω1 ¨ ω2, ª á îé¨¥áï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬; ªà®¬¥ â®£® è à
ω1 ª á ¥âáï £à ¥© ABCD, ABB1A1, ADD1A1,   è à ω2 ª á ¥âáï £à ¥©
A1B1C1D1, BCC1B1, CDD1C1. �§¢¥áâ®, çâ® AB = 6 − √

2, A1D1 = 6 +
+
√

2, CC1 = 6. � ©â¨ à ááâ®ï¨¥ ¬¥¦¤ã æ¥âà ¬¨ è à®¢ ω1 ¨ ω2. � ©â¨
 ¨¡®«ìè¨© ¨  ¨¬¥ìè¨© áã¬¬ àë© ®¡ê¥¬ è à®¢.
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1. �¥è¨âì ãà ¢¥¨¥

2 log3(x
2 − 4) + 3

√
log3(x + 2)2 − log3(x− 2)2 = 4 .

�â¢¥â: −2−√3.

�¥è¥¨¥: �à¥®¡à §ã¥¬ ãà ¢¥¨¥ ª ¢¨¤ã

log3(x + 2)2 + 3
√

log3(x + 2)2 = 4.

�ãáâì t =
√

log3(x + 2)2 ≥ 0. �®£¤  t2+3t−4 = (t−1)(t+4) = 0. �«¥¤®¢ â¥«ì®,
t = 1 ¨ (x + 2)2 = 3. �®«ãç ¥¬ x = −2 ±√3, ¯à¨ç¥¬ x = −2 +

√
3 ¥ ï¢«ï¥âáï

à¥è¥¨¥¬, â ª ª ª x2 − 4 = (
√

3 − 4)
√

3 < 0 ¨ log3(x
2 − 4) ¥ ®¯à¥¤¥«¥,  

x = −2−√3 { à¥è¥¨¥.

2. �¥è¨âì ãà ¢¥¨¥
cos 9x− 2 cos 6x + 1

cos 3x− 1
= | cos 3x| .

�â¢¥â: x = π
3 + 2πn

3 .

�¥è¥¨¥: �ãáâì cos 3x = t. �®£¤  4t3−3t−2(2t2−1)+1
t−1 = |t|, â. ¥. 4t3−4t2−3t+3

t−1 = |t|. � ª
ª ª 4t3 − 4t2 − 3t + 3 = (t − 1)(4t2 − 3), â® 4t2 − 3 = |t|, t 6= 1. �à¨ t ≥ 0 ¨¬¥¥¬
4t2− t− 3 = 0, â. ¥. t1 = 1 { ¥ ¯®¤å®¤¨â, ¨ t2 = −3

4 < 0 { ¥ ¯®¤å®¤¨â. �à¨ t < 0

¨¬¥¥¬ 4t2 + t − 3 = 0, â. ¥. t1 = −1 ¨ t2 = 3
4 { ¥ ¯®¤å®¤¨â. �â ª, cos 3x = −1,

â. ¥. x = π
3 + 2πn

3 { à¥è¥¨ï.

3. �¥è¨âì ¥à ¢¥áâ¢®

(
√

x + 3 + x− 3)(
√

4x + 5 + x− 4)√
4 + 4x− x2 − x3

≤ 0 .

�â¢¥â: x = 1.

�¥è¥¨¥: �ãáâì f(x) =
√

x + 3 + x− 3. �à ¢¥¨¥ f(x) = 0 ¨¬¥¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥ x = 1, f(x) < 0 ¯à¨ x ∈ [−3, 1) ¨ f(x) > 0 ¯à¨ x > 1. � «¥¥, ¯ãáâì
g(x) =

√
4x + 5 + x− 4. �à ¢¥¨¥ g(x) = 0 ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x = 1,

1



g(x) < 0 ¯à¨ x ∈ [−5
4 , 1

)
¨ g(x) > 0 ¯à¨ x > 1. �«¥¤®¢ â¥«ì®, f(x)g(x) ≤ 0

â®«ìª® ¯à¨ x = 1. �ãáâì h(x) = 4 + 4x− x2 − x3. � ª ª ª h(1) = 6 > 0, â® x = 1

{ ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¥à ¢¥áâ¢ .

4. �ªàã¦®áâì ω á æ¥âà®¬ ¢ â®çª¥ O   áâ®à®¥ AC âà¥ã£®«ì¨ª  ABC ª á ¥â-
áï áâ®à® AB ¨ BC ¢ â®çª å D ¨ E á®®â¢¥âáâ¢¥®. �§¢¥áâ®, çâ® AD = 2 CE,
  ã£®« DOE à ¢¥ arcctg 1

3 . � ©â¨ ã£«ë âà¥ã£®«ì¨ª  ABC ¨ ®â®è¥¨¥ ¥£®
¯«®é ¤¨ ª ¯«®é ¤¨ ªàã£ , ®£à ¨ç¥®£® ®ªàã¦®áâìî ω.

�â¢¥â: ∠ABC = π − arcctg 1
3 , ∠ACB = π

4 , ∠BAC = arcctg 2, 2
√

10+7
6π .

�¥è¥¨¥: �¡®§ ç¨¬ ∠DOE = ϕ, ∠BAC = β, ∠ACB = γ. � ª ª ª ∠ODB =

= ∠OEB = π
2 , â® ∠ABC = π − ϕ = π − arcctg 1

3 . �§ ¯àï¬®ã£®«ìëå 4ADO

¨ 4OEC  å®¤¨¬ AD = DO ctg β ¨ EC = OE ctg γ. � ª ª ª AD
EC = 2 ¨ DO =

= OE = R | à ¤¨ãá ®ªàã¦®áâ¨ ω, â® ctg β = 2 ctg γ. � ª ª ª β + γ = ϕ, â®
¯®«ãç ¥¬ 2 ctg γ = ctg(ϕ−γ) =

1
3 ctg γ+1
ctg γ− 1

3

, â. ¥. 2 ctg2 γ− ctg γ−1 = 0. � ª ª ª ã£®«
γ ®áâàë© ª ª ã£®« ¯àï¬®ã£®«ì®£® 4OEC, â® ctg γ = 1, γ = π

4 , β = arcctg 2. �§
à ¢®¡¥¤à¥ëå 4ODE ¨ 4BDE  å®¤¨¬ DE

2 = R sin ϕ
2 = BD cos ϕ

2 . �âáî¤ 
BD = BE = R tg ϕ

2 . � ª ª ª 3 = tg ϕ =
2 tg ϕ

2

1−tg2 ϕ
2

, â® tg ϕ
2 =

√
10−1
3 . �®£¤  ¯«®-

é ¤ì 4ABC à ¢  S = 1
2

(
R ctg β + R tg ϕ

2

) (
R ctg γ + R tg ϕ

2

)
sin ϕ, ¨ ¨áª®¬®¥

®â®è¥¨¥ à ¢® S
πR2 = 1

2π

(
2 +

√
10−1
3

)(
1 +

√
10−1
3

)
3√
10

= 2
√

10+7
6π .

5. � ©â¨ ¢á¥ § ç¥¨ï ¯ à ¬¥âà  a, ¯à¨ ª®â®àëå áãé¥áâ¢ã¥â à®¢® ¤¢¥ ¯ àë
¤¥©áâ¢¨â¥«ìëå ç¨á¥« (x; y), ã¤®¢«¥â¢®àïîé¨å á¨áâ¥¬¥ ãà ¢¥¨©

{ (
x + y2 − 1

)(
y −√6|x|

)
= 0,

2ay + x = 1 + a2.

�â¢¥â: a =
√

2
3 , a =

√
3
2 , a ∈

(
− 1

2
√

6
, 1

2
√

6

]
.

�¥è¥¨¥: �  ª®®à¤¨ â®© ¯«®áª®áâ¨ Oxy à áá¬®âà¨¬ «®¬ ãî L, § ¤ ¢ ¥¬ãî
ãà ¢¥¨¥¬ y =

√
6|x|, ¨ ¯ à ¡®«ã Π , § ¤ ¢ ¥¬ãî ãà ¢¥¨¥¬ x + y2 = 1. �®-

¬  ï L ¯¥à¥á¥ª ¥âáï á ¯ à ¡®«®© Π ¢ â®çª å á  ¡áæ¨áá ¬¨ x = −1
2 ¨ x = 1

3 ¨
¯®«®¦¨â¥«ìë¬¨ ®à¤¨ â ¬¨. �àï¬ ï `(a), § ¤ ¢ ¥¬ ï ãà ¢¥¨¥¬ 2ay + x =

= 1 + a2, ª á ¥âáï ¯ à ¡®«ë Π ¢ â®çª¥ (1 − a2; a). � ©¤¥¬ a > 0, ¯à¨ ª®â®àëå
â®çª  ª á ¨ï `(a) ¨ Π ï¢«ï¥âáï â®çª®© ¯¥à¥á¥ç¥¨ï L ¨ Π . �¬¥¥¬: 1−a2 = −1

2

2



¯à¨ a =
√

3
2 ¨ 1 − a2 = 1

3 ¯à¨ a =
√

2
3 . �à¨ a >

√
3
2 ¨«¨ a ∈

(√
2
3 ;

√
3
2

)
¯àï-

¬ ï `(a) ¯¥à¥á¥ª ¥â «®¬ ãî L ¢ ¤¢ãå à §«¨çëå â®çª å, ¥ «¥¦ é¨å   Π .
�«¥¤®¢ â¥«ì®, ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  ¨¬¥¥â à®¢® âà¨ à¥è¥¨ï. �à¨ a =

√
2
3

¨ a =
√

3
2 ¯àï¬ ï `(a) ¯¥à¥á¥ª ¥â L ¢ ¤¢ãå à §«¨çëå â®çª å, ®¤  ¨§ ª®â®-

àëå ï¢«ï¥âáï â®çª®© ª á ¨ï `(a) ¨ Π . �«¥¤®¢ â¥«ì®, ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬ 
¨¬¥¥â à®¢® ¤¢  à¥è¥¨ï. �é¥¬ a1 ∈

(
0 ;

√
2
3

)
, ¯à¨ ª®â®à®¬ `(a1) ¯ à ««¥«ì 

¯àï¬®©, § ¤ ¢ ¥¬®© ãà ¢¥¨¥¬ y = −√6x. �¬¥¥¬: −2a1 = − 1√
6
, â. ¥. a1 = 1

2
√

6
.

�é¥¬ a0 < 0 ¯à¨ ª®â®à®¬ `(a0) ¯ à ««¥«ì  ¯àï¬®©, § ¤ ¢ ¥¬®© ãà ¢¥¨¥¬
y =

√
6x. �¬¥¥¬: −2a0 = 1√

6
, â. ¥. a0 = − 1

2
√

6
. �à¨ a ∈

(
1

2
√

6
;
√

2
3

)
¯àï¬ ï `(a)

¯¥à¥á¥ª ¥â «®¬ ãî L ¢ ¤¢ãå à §«¨çëå â®çª å, ¥ «¥¦ é¨å   Π . �«¥¤®¢ -
â¥«ì®, ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  ¨¬¥¥â à®¢® âà¨ à¥è¥¨ï. �à¨ a ∈

(
− 1

2
√

6
; 1

2
√

6

]

¯àï¬ ï `(a) ¯¥à¥á¥ª ¥â L ¢ ®¤®© â®çª¥, ¥ «¥¦ é¥©   Π . �«¥¤®¢ â¥«ì®,
¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  ¨¬¥¥â à®¢® ¤¢  à¥è¥¨ï. �à¨ a ≤ − 1

2
√

6
¯àï¬ ï `(a)

¥ ¯¥à¥á¥ª ¥âáï á L. �«¥¤®¢ â¥«ì®, ¢ íâ®¬ á«ãç ¥ á¨áâ¥¬  ¨¬¥¥â à®¢® ®¤®
à¥è¥¨¥.

6. �ãâà¨ ¯àï¬®ã£®«ì®£® ¯ à ««¥«¥¯¨¯¥¤  ABCDA1B1C1D1 à á¯®«®¦¥ë ¤¢ 
è à  ω1 ¨ ω2, ª á îé¨¥áï ¤àã£ ¤àã£  ¢¥è¨¬ ®¡à §®¬; ªà®¬¥ â®£® è à ω1

ª á ¥âáï £à ¥© ABCD, ABB1A1, ADD1A1,   è à ω2 ª á ¥âáï £à ¥© A1B1C1D1,
BCC1B1, CDD1C1. �§¢¥áâ®, çâ® AB = 6−√2, A1D1 = 6+

√
2, CC1 = 6. � ©â¨

à ááâ®ï¨¥ ¬¥¦¤ã æ¥âà ¬¨ è à®¢ ω1 ¨ ω2. � ©â¨  ¨¡®«ìè¨© ¨  ¨¬¥ìè¨©
áã¬¬ àë© ®¡ê¥¬ è à®¢.

�â¢¥â: d = 4 ; Vmax = (136
3 − 16

√
2)π ; Vmin = 64π

3 .

�¥è¥¨¥. �ãáâì r1, r2 | à ¤¨ãáë è à®¢, ¡¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ r1 ≤ r2;
a = 6 − √

2, b = 6, c = 6 +
√

2 | ¤«¨ë à¥¡¥à ¯ à ««¥«¥¯¨¯¥¤ , a < b < c.
�¢¥¤¥¬ ¯àï¬®ã£®«ìãî á¨áâ¥¬ã ª®®à¤¨ â á æ¥âà®¬ ¢ â®çª¥ A ¨ ®áï¬¨ Ox,
Oy, Oz,  ¯à ¢«¥ë¬¨ á®®â¢¥âáâ¢¥® ¢¤®«ì «ãç¥© AB, AA1, AD. �®®à¤¨ âë
æ¥âà®¢ è à®¢ ¨¬¥îâ ¢¨¤ (r1, r1, r1) ¨ (a − r2, b − r2, c − r2). �á«®¢¨¥ ª á ¨ï:
(r1 + r2 − a)2 + (r1 + r2 − b)2 + (r1 + r2 − c)2 = (r1 + r2)

2. �®«®¦¨¢ t = r1 + r2,
¯à¥®¡à §ã¥¬ à ¢¥áâ¢® ª ¢¨¤ã 2t2 − 2(a + b + c)t + (a2 + b2 + c2) = 0, â. ¥.

t2 − 18t + 56 = 0. (1)

3



�á«®¢¨¥ ¯à¨ ¤«¥¦®áâ¨ è à®¢ ¯ à ««¥«¥¯¨¯¥¤ã § ¯¨è¥âáï ª ª

0 < r1, r2 ≤ a

2
=

6−√2

2
. (2)

�â¬¥â¨¬, çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (1), (2) ¬®¦® ¢¯¨á âì è àë à ¤¨ãá 
r1 ¨ r2 ¢ âà¥å£à ë¥ ã£«ë ¯à¨ ¢¥àè¨ å A ¨ C1, ¨ ãá«®¢¨ï § ¤ ç¨ ¡ã¤ãâ
¢ë¯®«ïâìáï. �§ (1) ¯®«ãç ¥¬ t = 4 ¨«¨ t = 14. �§ (2) á«¥¤ã¥â, çâ® t = r1 + r2 ≤
≤ a = 6−√2, ®âáî¤  t = 4. �ã¬¬  ®¡ê¥¬®¢ è à®¢ à ¢ 

V =
4π

3
(r3

1 + r3
2) =

π

3
(r1 + r2)

(
(r1 + r2)

2 + 3(r2 − r1)
2) =

πt

3

(
t2 + 3(2r2 − t)2) .

�âáî¤  V ≥ πt3

3 = 64π
3 , ¨ à ¢¥áâ¢® ¤®áâ¨£ ¥âáï ¯à¨ r1 = r2 = 2;

V ≤ πt

3

(
t2 + 3(a− t)2) =

4π

3

(
42 + 3(2−

√
2)2

)
=

(
136

3
− 16

√
2

)
π,

¨ à ¢¥áâ¢® ¤®áâ¨£ ¥âáï ¯à¨ r2 = a
2 = 3− 1√

2
, r1 = t− r2 = 1 + 1√

2
.

4


